Let p be a prime number, N be a positive integer such that gcd(N, p) = 1, q = p f where f is the multiplicative order of p modulo N . And let χ be a primitive multiplicative character of order N over finite field F q . This paper studies the problem of explicit evaluation of Gauss sums G(χ) in "index 2 case" (i.e. [(Z/N Z) * :< p >] = 2). Firstly, the classification of the Gauss sums in index 2 case is presented. Then, the explicit evaluation of Gauss sums G(χ λ ) (1 λ N − 1) in index 2 case with order N being general even integer (i.e. N = 2 r · N 0 where r, N 0 are positive integers and N 0 3 is odd.) is obtained. Thus, combining with the researches before, the problem of explicit evaluation of Gauss sums in index 2 case is completely solved.
Introduction
Gauss sum is one of the most important and fundamental objects and tools in number theory and arithmetical geometry. The explicit evaluation of Gauss sums is an important but difficult problem, which has not only theoretical value in number theory and arithmetical geometry, but also important practical applications in computer science, information theory, combinatorics and experimental designs.
In 1801, C. F. Gauss [7] gave the first result of this problem for quadratic Gauss sums over F p . More exactly, he determined the sign of the quadratic Gauss sums. Let N be the order of Gauss sum (the definition is in section 2). For the relatively small N , such as N = 3, 4, 5, 6, 8, 12, people also gave researches by the properties of the cyclotomic fields with relatively small degree. One can see the more details in the Chapter 4 of [3] or [8, §9.12] .
In another research direction, for the Gauss sums with relatively large orders N , by the Galois Theory of cyclotomic fields, people have evaluated Gauss sums in some cases, such as pure Gauss sum and the ones in index 2 and 4 case. For pure Gauss sums, i.e. the case that −1 ∈< p >⊂ (Z/N Z) * , Stickelberger [16] gave an evaluation of Gauss sums G(χ) in 1890. (Also see [3, §11.6] , [10, Thm5.16] and Lemma2.2 of this paper.)
In 1970's-2000's, for the Gauss sums of index 2, i.e. the case that −1 ∈< p >⊂ (Z/N Z) * and [(Z/N Z) * :< p >] = 2, a series explicit evaluations of Gauss sums have been given. In this case, the order N of Gauss sum G(χ) has no more than 2 distinct odd primes factors. In 1970's, R. J. McEliece [13] gave the evaluation of Gauss sums in index 2 case for N = l (l is odd prime) and applied this to determine the (Hamming) weight distribution of some irreducible cyclic codes. In 1992, M. Van Der Vlugt [17] gave the evaluation of Gauss sums in index 2 case for N = l 1 l 2 (l 1 and l 2 are distinct odd primes). Similarly, the result was applied to calculate the Hamming weight distribution of some irreducible cyclic codes. (For the details on the relationship between Hamming weight distribution of irreducible cyclic codes and Gauss sums, we refer to [1, 2, 11, 18, 15] or [3, §11.7] .) In 1997, P.Langevin [9] , as generalization of [13] , gave the evaluation of Gauss sums in index 2 case for N = l r (l is odd prime, r 1). One year later, O. D. Mbodj [12] , as generalization of [17] , gave the evaluation of Gauss sums in index 2 case for N = l r1 1 l r2 2 (l 1 , l 2 are distinct odd primes, r 1 , r 2 1). For N being power of 2, i.e. N = 2 t , (t 3), P. Meijer and M. van der Vlugt [14] , in 2003, evaluated the Gauss sums in index 2 case and applied the results of Gauss sums to solve the problem of calculating the number of rational points for some algebraic curves. Since 2005, K. Feng, S. Luo and J. Yang [6, 19, 5] have given explicit evaluation of Gauss sums in index 4 case for N being odd and power of 2.
Up till now, there is no any work to study the Gauss sums in index 2 or 4 case with N being "general even number", i.e. N = 2 r · N 0 where r, N 0 are positive integers and N 0 3 is odd. In this paper, we list all the classifications of index 2 case, and give explicit evaluation of Gauss sums with N being general even number. Thus, combining with the previous papers, the problem of explicit evaluation of Gauss sums in index 2 case is completely solved.
This paper is organized as follow. Firstly, in section 2, we introduce the preliminaries we need including the definitions and several famous formulas about Gauss sums. In section 3, we present all the classifications of index 2 case. More exactly, we list six subcase A, B, C, D, E and F according to the factorization of N . Then, in section 4.1, we present and prove the explicit formulas of Gauss sums G(χ) in the later three subcases (Case D, E and F). Finally, in section 4.2, we give the evaluation of Gauss sums G(χ λ ) (1 λ N − 1) in all the six subcases.
Preliminaries
Let p be a prime number, N 2 be an integer such that (N, p) = 1. Let f be the multiplicative order of p modulo N , denote by f = ord N (p), i.e. f is the smallest positive integer such that p f ≡1 (mod N ). Take q = p f and χ be a primitive multiplicative character of order N over F q , T be the trace map from F q to F p . Then, for 1 λ N − 1, 1 µ p − 1, the Gauss sum over F q is defined as
where ζ p = exp(2πi/p) is complex primitive p-th root of 1. When (λ, N ) = 1, G(χ λ , µ) is called Gauss sum of order N . N is called the order of G(χ λ , µ).
, we can just consider G(χ r , 1), which is denoted as G(χ λ ) for simplicity. Generally, G(χ) λ is belong to the ring of integers of cyclotomic field Q(ζ N p ) = Q(ζ N , ζ p ). As we known, the
where Lemma 2.1. For l ∈ Z N Z * , t ∈ Z pZ * , Let G(χ) be Gauss sum of order N over finite field F q . Then,
For the Gauss sum
* is often identified with G. A profound result of Gauss sums was given by S. Stickerlberger [16] The first explicit evaluation of Gauss sums, for quadratic character χ(x) = ( x p ) (the Legendre symbol) of F p , was given by Gauss [7] :
This result can be generalized to quadratic Gauss sums over F q for any prime-power q (2 ∤ q) by Davenport-Hasse (Lift) Theorem (see [3, §11.5] or [10, Thm5.14] ). More exactly, let χ ′ = χ • N. Then, the corresponding quadratic Gauss sums over F q = F p d are given by
After Gauss's result on N = 2, using arithmetic properties on field Q(ζ N ), the value of Gauss sums G(χ) with relatively small order N have been determined explicitly. See [8, §9.12] for cubic and quartic Gauss sums (N = 3, 4) and Chapter 5 of [3] for more other cases.
On the other hand, for the Gauss sums with relatively large order N , by the Galois Theory of cyclotomic field, people have evaluated Gauss sums in some cases. Such as, when −1 is a power of p in (Z/N Z)
* , Gauss sums G(χ) can be determined by the following result, which are called "selfconjugate" or "pure" Gauss sums. 
From now on we assume that −1 ∈ p ⊂ (Z/N Z) * so that K (defined in Lemma2.1(3)) is an imaginary abelian field of degree r, where
is Euler function. It is called the "index r caes". In 1970's-2000's, the Gauss sums in index r =2 case have been studied and evaluated explicitly in a series of papers [13, 17, 9, 12, 14] . And since 2005, the case of index r = 4 has been studied in papers [6, 19, 5] .
Lemma 2.3.
Suppose that χ is a multiplicative character of order N over F q , and let T be the trace map from
Proof. Since
and χ is nontrivial on F q , we know that the first summation of the formula above is equal to zero, while the second summation is equal to the right side of (2.4). Finally, since
, and
Let χ| Fp denote the restriction of χ onto F p . From Lemma 2.3 we know that
where G p (χ) = G(χ| Fp ). When the order of χ| Fp is relatively small, we can calculate G p (χ) by the results of the Gauss sum with a relatively small order over F p . For the order of χ| Fp , there exists the following result. 
Classification of order N in index 2 case
We always keep these assumptions in following text. Assume that (I). p is a prime number, N 2, (p,
is the Gauss sum of order N over F q defined by (2.1).
(III). −1 ∈< p >⊂ (Z/N Z) * , so K is an imaginary field. In this section, we will determine all the possibilities of N satisfying assumptions (I),(II) and (III), and also determine the type of the corresponding imaginary quadratic subfield K of Q(ζ N , ζ p ).
Suppose that N has the prime factorization 
as be the order of p, respectively, in each subgroup in right-side of (3.1), where
By the Chinese Remainder Theorem again, there are the primitive roots g j modulo l rj j (1 j s) and primitive When r 0 = 0, N is odd. So, by (3.2) , N has no more than 2 odd prime factors, i.e. s 2. Then we have two subcases according to N having one odd prime factor or two odd prime factors, where g 1 , g 2 can be odd or even.
a2 ). By (3.2), we know a 1 a 2 2. Then we have two subcases of Case B:
. For simplicity of the following evaluation, we assume l 1 = 3 in Case A and Case B2. When s = 0, i.e. N just has prime factor 2. We have the following subcase for r 0 3. (Since when r 0 = 2 we have p≡3 (mod 4), and it's self-conjugate (pure) Gauss sum, which can be determined by Theorem2.2.)
.
we have two subcases, Case D and E, respectively corresponding to Case A and B, where g 1 g 2 must be odd.
2 . Similar as Case B, we have two subcases of Case E according to a 1 a 2 equals 1 or 2:
. Then a 0 a 1 2, and we have three subcase of Case F according to the values of a 0 and a 1 :
Explicit evaluation of Gauss sums in index 2 case

Explicit evaluation of G(χ)
In this section, we give explicit evaluation of Gauss sum G(χ) in each subcases (i.e. Case A, B, C, D, E, F), where the results of Case A, B and C has been shown in previous papers.
Case A. N = l r1 1 (r 1 1), the result was given by P.Langevin [9] in 1997.
2 , q = p f and let χ be a primitive multiplicative character of order N over F q . Then
where
is the ideal class number of field Q( √ −l 1 ) and a, b ∈ Z are determined by
the second equation of (4.1) implies a≡ − 2p
(mod l 1 ). Therefore, equations (4.1) are equivalent to
From equations (4.2), one can find that the sign of a is just relational with l 1 , p, however, is not relational with r 1 . So, we always take the principal ideal ℘ h1 = ( 
) and integers a ′ , b ′ are determined by equations
where 
where a, b ∈ Z are determined by (a + ib √ 2) = P 1 ∩ O(i √ 2) and ε 1 = ±1 can be solved by Stickelberger congruence.
(ii). When p≡5 (mod 8),
where a, b ∈ Z are determined by (a + ib) = P 1 ∩ Z[i], √ a + ib has a positive real part, and ε 2 ∈ {±1, ±i} can be solved by Stickelberger congruence.
Case D.
When N = 2l ≡1 (mod 2), q = p f = 2N 0 n + 1 (∃n ∈ Z). g 1 is defined by (3.3) in Section 1, i.e. g 1 is odd primitive root modulo N 0 . Then g 1 is also the primitive root modulo N , and we can take p≡g 
where integers a, b are determined by equations (4.2). By Darvenport-Hasse product formula ([3, §11.3]), we have that
where R 2 , R 2 denote respectively as the sets of quadratic remainder and quadratic non-remainder modulo l 1 . Then
we have got the formula of Gauss sums G(χ) in Case D as follow:
2 , q = p f , and let χ be a primitive multiplicative character of order N over F q . Then (mod 11). Take p = 3, so the equations
we have the Gauss sum G(χ) of order 22 over F 3 5 and its conjugation G(χ) are
Case E.
Let χ be a primitive multiplicative character of order N = 2N 0 = 2l 
where χ N0 is quadratic character over F q . By formula (2.3), G(χ
And since Therefore, by Theorem4.2(i),
where h 12 = h(Q( √ −l 1 l 2 )) and integers a ′ , b ′ are determined by equations (4.3) in Theorem4.2.
For Case E2. p≡g
Similarly, we have (p−1, N 0 ) = 1 and
) and integers a, b are determined by equations (4.1) in Theorem4.1. To summarize, we obtain,
2 . Take q = p f , χ a primitive the multiplicative character of order N over F q and h 1 , h 12 be respectively the ideal class numbers of Q(
where integers a
where integers a, b are determined by equations (4.2) in Case A.
Example 4.2. (For Case E1). (1). Let
The minimum primitive root modulo 5 g 1 = 7 such that g 1 ≡1 (mod 3), while The minimum primitive root modulo 3 g 2 = 11 such that g 2 ≡1 (mod 5). Then p≡77≡2 (mod 15).
Take p = 17, by Theorem4.5(i), we have that the Gauss sum G(χ) of order 30 over F 17 4 is
= 12, h 12 = 2. The minimum primitive root modulo 5 g 1 = 8 such that g 1 ≡1 (mod 7), while The minimum primitive root modulo 7 g 2 = 26 such that g 2 ≡1 (mod 5). Then p≡33 (mod 35).
Take p = 103, and a = 199, b = ±9 are solutions of equations (4.2). Then, by Theorem4.5(ii), we have that the Gauss sum G(χ) of order 70 over F 103 12 and its conjugation are
Case F.
In Case F, N = 4l r1 1 = 4N 0 . Let g 0 , g 1 defined as in Section 1. So, we consider the following subcases according to the values of a 0 , a 1 .
Lemma 4.6. In Case F1, the order of χ Fp is 1, i.e., χ Fp is trivial.
Proof. We claim that (p− 1,
. This is contradict to p≡g 1 (mod l 1 ).
By Lemma 2.4, the order of χ Fp is
. Let p = 2k + 1 where k 1 is odd integer, for p≡3 (mod 4). Since 4|f , we have that
Then (4,
p−1 ) = 4 and the lemma has been proved.
Let R 2 and R 2 respectively denote the quadratic residue set and quadratic non-residue set in group (Z/N Z) * , and take R
2 . We define a isomorphic mapping between
Considering the group isomorphism
So, we find that, when j = 0, (Z/2N 0 Z)
2 , and when j = 1, (Z/2N 0 Z)
(where
So,
is principal ideal and we assume that ℘
As we known, ε is a unit root in K. Since l 1 = 1, 3, ε = ±1. It means that we need to determine the sign of integer a. Considering the l r1 1 power of G(χ), if we let ε = 1, then 
,
s,
s.
As we known, b 0 + b 1 = f . Next, we calculate b 0 − b 1 . Similar as Case F1, we consider
where Φ 1 , Φ 2 are, respectively, defined by (4.5) and (4.6). For the pairs (s 0 , l
where ε is a unit root in O K , i.e. ε ∈ {±1, ±i} (i = √ −1), which can be determined by Stickelberger congruence [3, §11.3]. (The detailed discussing of how to determine the sign or unit root ambiguities for Gauss sums is given by [20] .)
Theorem, we have
s).
i.e. there are
. Suppose that S 1 = {all the odd numbers from 1 to 2l
Since 2l elements s such that s≡3 (mod 4). Next, we consider set S 2 = {s ∈ S 1 : l 1 |s}. ∀x ∈ S 2 , x must be the form as x = l 1 (2k − 1), where k = 1, · · · , l 
Assume that ℘ = (a + b √ −1), where a, b ∈ Z such that a 2 + b 2 = p, p ∤ b. Thus,
where ε ∈ {±1, ±i} can be determined by Stickelberger congruence. For more details, one can refer to [20] . 
